Exercise: ELBO for univariate Gaussians
Considering computing the posterior for the parameters of a univariate Gaussian, p(u, A|D), using the prior

P, A) = N (pl o, (koA) 1) Ga(Alag, bo)

and a fully factored posterior
q(ps A) = N (plpn, k5 )y (Naw, by)

Show that the ELBO is given by
1
L(q) = const + 1/21n — +InT(ay) —anInby
N

Hint: the entropies of the variational posteriors are given by

H (M (uw,yt)) = —Yelogh +1/2(1 + log(2m)
H(Ga(aN,bN)) = 1ogF(aN) — (aN — 1)1/1((11\/) — lOg(bN) +an
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where () is the digamma function. Also, the expectations of various terms wrt these distributions are given below.

E [log z|x ~ Ga(a,b)] = (a) — log(b)
E [z|z ~ Ga(a,b)] = %
E [z|]z ~ N(p,0?)] = u
E [2®|z ~ N(p,0%)] = p*+0°
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